Recently, we developed a partial differential equation (PDE) that relates the age-specific prevalence of a chronic disease with the age-specific incidence and mortality rates in the illness-death model (IDM). With a view to planning population-wide interventions, the question arises how prevalence can be calculated if the distribution of a risk-factor in the population shifts. To study the impact of such possible interventions, it is important to deal with the resulting changes of risk-factors that affect the rates in the IDM. The aim of this work is to show how the PDE can be used to study such effects on the age-specific prevalence of a chronic disease, to demonstrate its applicability and to compare the results to a discrete event simulation (DES), a frequently used simulation technique. This is done for the first time based on the PDE which only needs data on population-wide epidemiological indices and is related to the von Foerster equation. In a simulation study, we analyse the effect of a hypothetical intervention against type 2 diabetes. We compare the age-specific prevalence obtained from a DES with the results predicted from modifying the rates in the PDE. The DES is based on 10000 subjects and estimates the effect of changes in the distributions of risk-factors. With respect to the PDE, the change of the distribution of risk factors is synthesized to an effective rate that can be used directly in the PDE. Both methods, DES and effective rate method (ERM) are capable of predicting the impact of the hypothetical intervention. The age-specific prevalences resulting from the DES and the ERM are consistent. Although DES is common in simulating effects of hypothetical interventions, the ERM is a suitable alternative. ERM fits well into the analytical theory of the IDM and the related PDE and comes with less computational effort.
Introduction
Recently, we developed a partial differential equation (PDE) that links the age-specific prevalence of a chronic disease with the age-specific incidence and mortality rates [1] . This PDE is related to the classical illness-death model (IDM) where each subject of the population under a1111111111 a1111111111 a1111111111 a1111111111 a1111111111 consideration is either in the state Healthy (with respect to the considered disease), Ill or Dead. Using the PDE, we are able to estimate age-specific prevalences in case the incidence and mortality rates are given. Possible epidemiological applications of the PDE are, for instance, the projection of future case-numbers of a chronic disease [1] or the estimation of incidence rates from two or more cross-sectional surveys [2, 3] . Unfortunately, the PDE is currently rather unknown in context of non-communicable diseases and has only been used in a few cases. To strengthen the use of the PDE we aim to demonstrate applicability of that approach in case only population-wide epidemiological indices, as incidence or prevalence, are available. Furthermore, as it is of high interest in epidemiological research to project the effect of interventions on prevalences, we want to show how risk-factors can be incorporated in the PDE.
In order to study the effect of interventions on the future prevalence or for the projection of case-numbers, it is important to consider risk-factors (i.e., covariates) which modify the transition rates between the states in the IDM. There is a long history of estimating the impact of covariates on incidence and mortality rates, for instance, by the Cox proportional hazard model [4] . Kalbfleisch and Prentice gave an extensive introduction with example data in their popular textbook [5] . A more recent but briefer introduction is presented by Bland [6] . Typically, the effect of covariates is reported in terms of risk or rate reductions. For example, a meta-analysis about the effect of physical activity on the incidence of type 2 diabetes found that 2.5 hours per week of moderate-intensity physical activity (PA) decreased the incidence of diabetes by about 30% compared to almost no PA [7] . If the research question seeks for the effect of PA on the prevalence of diabetes, a study could compare a group without intervention to a group with intervention with respect to the prevalence. However, conducting an intervention study is sometimes lengthy, expensive and in some cases impossible due to practical problems. Computer models may be used to simulate the key aspects of a (hypothetical) intervention and estimate the resulting effects. For this, the recently developed PDE may be helpful by comparing the prevalence in the group without intervention to the intervention group where the incidence rate is modified by the intervention. A similar comparison could be made if mortality rates would be altered by an intervention. Such a group-wise comparison between an intervention group and a 'business-as-usual' group has performed in estimating the impact of increased active travel in the urban population of Germany [8] .
Comparing two groups with and without intervention has limited value in studying the effects of population-wide interventions. If health authorities decide to promote a campaign for increased PA, typically not all persons in the population will start to increase their PA. Possibly, some persons will increase their activities and some will not. Assumed that before the campaign 30% of the population were active for 2.5 hours per week with moderate intensity, after the campaign this percentage could be increased to, say, 35%. Of course, other persons might also increase their PA, but remain below the recommended weekly 2.5 hours. This means, that the campaign is likely to change the the distribution of PA in the population. If we want to compare the prevalence of type 2 diabetes before and after the campaign, we are in a different situation than comparing two groups with the intervention entirely being effective in one group while the other group remains completely unaffected.
With a view to planning population-wide interventions, the question arises how the prevalence can be calculated if the distribution of a risk factor in the population shifts. In this work, we present two different approaches for answering this question.
First, the frequently used discrete event simulation (DES) is performed. DES generates relevant events in the illness-death model (IDM) for each individual, i.e., in our situation, the onset of disease and death with or without disease [9] . Second, prevalences are calculated based on the PDE. We illustrate and compare both methods using an example from type 2 diabetes. For this, we focus on the body mass index (BMI) as a risk factor. The relation between BMI on the incidence rate of type 2 diabetes and the mortality rates is considerably well understood from epidemiological studies [10, 11] . The aim of this work is to demonstrate applicability of both methods and compare them in estimating the impact of an intervention on the prevalence of a chronic disease. This is done for the first time based on the PDE developed by Brinks and Landwehr [1] which only needs data on population-wide epidemiological indices. Such a usage of a PDE with implications on the distribution of a modifiable risk factor is not well-known and can also be shown for the famous von Foerster equation [12] which applies to all age-structured equations of population dynamics. Unfortunately, this relationship is widely unknown to a broader audience [13] , implying that the von Foerster equation is rarely used in medical and epidemiological research. Therefore, the present article gives a brief overview on the related mathematical background, corresponding equations and, finally, practical applications. It can basically be seen as guideline for assessing the impact of a potential intervention in an epidemiological context. Note that our work can be seen only as one ingredient for planning population-wide interventions. For assessing the overall impact of a population-wide intervention, many more aspects like, for example, costs, logistics, side-effects, sustainability and acceptance in the population, have to be considered.
The article is organized as follows: first, we give a brief overview on the IDM. Afterwards, the considered population and its characteristics are described. Then, the two methods for estimating the age-specific prevalences, which depend on the distribution of risk factors in the population, are introduced in detail. The relation of BMI and type 2 diabetes serves as an example application. After this, the results of the two methods are compared. Finally, in the discussion and conclusion the central findings are discussed critically.
Materials and methods
First we introduce and review the IDM and a related partial differential equation. Then, we describe our hypothetical intervention and the target population and how the prevalences can be determined analytically and in a DES.
Illness-death model
The classical IDM as introduced by [14] is depicted in Fig 1. The IDM consists of three states: Healthy (with respect to the considered disease (H)), Ill (I) and Dead (D). The transition rates between these states are the incidence rate (λ), the mortality of the susceptibles (μ 0 ) and the mortality of the cases (μ 1 ). These rates depend on calender time t and age a.
If we denote the prevalence of the chronic disease in those persons aged a at time t with π(t, a), the PDE [1] reads as
Given the rates λ, μ 0 and μ 1 , the age-specific prevalence π = π(λ, μ 0 , μ 1 ) can be calculated from the PDE.
Description of the population
We simulated a birth cohort consisting of n = 10000 people born in 1980. Every person was followed-up from birth to death passing states presented in the IDM in Fig 1. For simplicity, we can omit the dependency on time t in case of a birth cohort and confine ourselves to only one time scale, age a, to account for temporal progression.
Although the IDM is applicable to any chronic condition, for demonstration of the methods we choose type 2 diabetes as exemplary application. As the epidemiological relationship between the BMI and type 2 diabetes is well known, we included the BMI as potential risk factor. Hence, our modelled transition rates, depend only on age a and the BMI [10, 11] .
For each person j, j = 1, . . ., n, we assigned a BMI, denoted by z j , which was randomly drawn from a beta-distribution with shape parameters ϕ = 3 and ψ = 8. The support of the beta-distribution was chosen to be [17;47] which are conceivable BMI values. The choice of these parameters mirrors the right-skewed distribution of the BMI in the German male population [15] . As a high BMI is known as a potential risk factor for type 2 diabetes [11] , we also simulated a population-wide intervention with the aim to reduce the BMI. This could be a lifestyle intervention as, for example, a change in eating habits or increased sporting activities. Assuming such an intervention, we generated the BMI of each person from a beta-distribution with shape parameters ϕ = 2.8 and ψ = 8. This leads to a slightly shifted distribution, meaning a change in the expected BMI from 23.9 in the group without any intervention to 23.3 in the intervention group. This seems to be a reasonable change that can be reached in a convenient amount of time as it also has been observed in the Finnish Diabetes Prevention Study [16] . Fig 2 depicts both distributions of the BMI in the population.
Discrete event simulation
Given the BMI z j of an individual j, we simulated a possible transition to the diabetic state (incidence rate λ) or to the death state without contracting diabetes (mortality rate μ 0 ). The incidence rate is chosen in accordance to the incidence rate reported by Tamayo et al. [17] for the German population. As no data on μ 0 is available for Germany, we used the general mortality as given by the German Federal Statistical Office [18] . Both rates, λ and μ 0 , depend on the BMI as well as on age a as it is shown in Eqs (2) and (3): where z 0 is chosen to be 23.75 according to Tobias et al. [19] . For the age-specific incidence rate, we chose an exponential parabolic function. The mortality rate μ 0 was modelled using the Gompertz-Makeham law of mortality and to guarantee a j-shaped dependency on BMI, because the mortality is increasing with a high as well as with a low BMI. The parameters ε = 0.014, α = −0.001, β = 0.209, γ = −11.112 and δ = 0.1 for the incidence as well as ξ = 0.02, ϑ = −10.948 and ν = 0.095 were estimated to mimic the incidence of Tamayo et al. [17] and the general mortality in Germany, respectively. For those individuals who contracted diabetes, we additionally simulated the mortality rate μ 1 which also depends on Z and a. As it is reasonable that the mortality of people with diabetes is elevated compared to the mortality rate of people without diabetes, μ 1 is assumed to be the double of μ 0 as it is presented in Eq (4) [20] :
From Eq (3), it becomes obvious that the mortality rate increases if the BMI is below or above of 23.75. As mentioned above, this is due to the empirical finding that a very low or very high BMI is associated with increased mortality rates.
For each individual j, we simulated failure times T 1j of contracting diabetes or dying without diabetes similar to Brinks et al. [21] . If the subject indexed j contracted diabetes, a second failure time T 2j was simulated, which corresponds to death after contracting the disease. It should be noted that we assume no change on the BMI in case a person contracted diabetes. We estimated the prevalence of diabetes by dividing the number of cases at age a by the total number of people who are alive at age a. All prevalences were estimated in absence and in case of the intervention that reduces the BMI.
Effective rate method
The DES as described in the previous section comes along with the disadvantage of being time-consuming. If many settings of input parameters have to be simulated, this can be quite cumbersome or even impossible [9] . As such, the question arises if the age-specific prevalence can be determined more time-saving and without the need for individual participant data. The effective rate method (ERM) which uses the partial differential Eq (1) offers such a possibility as this method is only based on the mean rates. In the following we present the mathematical background of the ERM as well as corresponding equations. It should be noted that these are consequences of well-known facts that also holds true for the von Foerster equation [12] . However, with respect to epidemiological applications it is helpful to reiterate. For this, we first need to convert the individual participant data from the birth cohort to mean rates.
The mean incidence rate, denoted by λ � , is calculated by the general formula
where λ(Z) is the incidence rate for the BMI value Z and f(Z) is the probability density function (pdf) for the BMI. Furthermore, Eq (5) is the expected value of the incidence rate. The same holds true for the mean mortality rates m � 0 and m � 1 :
and
where HR indicates a hazard ratio. The value of HR = 2 seems to be a reasonable choice [20] . As we assume the BMI to be beta-distributed, f(Z) is the pdf of this beta distribution. For the lower and upper bound of the integral, the minimum (= 17) and maximum (= 47) of the BMI in our birth cohort are chosen. Based on the mean incidence and mortality rates, we can estimate the prevalence by solving the PDE (1). In our example of a single birth cohort, we can omit the calender time t and the PDE simplifies to an ordinary differential Eq (8) [22] :
which can be solved using the Runge-Kutta method [23] with the initial value p(30) = 0. This initial value is assumed to be reasonable because the majority of people contracts type 2 diabetes after the age of 30 [17] .
Results
The results of both methods are depicted in Fig 3. On the left hand side of the figure, the results for the base-case scenario (without intervention) are presented whereas the findings for the intervention scenario are presented on the right hand side. The red and blue solid lines depict the estimated prevalences based on the effective rate method. Fig 3 shows , for example, that a man aged 80 years has diabetes with a probability of approximately 25% using the DES and of 26% using the ERM in the base-case scenario. However, the prevalence of diabetes for an 80 years old man in the intervention group ranges between 24% and 25% for the DES and the ERM, respectively. The estimated prevalences in the base-case and intervention scenario are the highest for the age group 75-90 which was also reported by Tamayo et al. [17] . However, for the populationwide intervention, the maximum prevalence is reduced from approximately 26% to 25% only by a slightly decreasing BMI. The overall prevalence of type 2 diabetes is reduced by 0.24 percentage points, from 6.51% to 6.27%. Estimates of the ERM agree very well with the point estimates of the DES method, especially in lower age groups. All of the ERM-estimates are located in the confidence intervals of the DES. The confidence intervals are somewhat wider in higher age groups above 80 years which is caused by higher mortality rates and therefore a decreased number of individuals in that age classes.
The results of the DES and the ERM agree well in the intervention case as well as in the case no intervention was assumed. Results from the DES are given as black crosses which represent the point estimates with the corresponding 95% confidence intervals. Confidence intervals for the DES result from the stochasticity of the simulation [9] . As the ERM is an exact analytical method to determine the age-specific prevalences, no confidence bounds need to be provided.
An advantageous feature of the ERM is that this method is computationally more efficient, resulting in faster simulation times. This can be seen in Table 1 where the computation times for different sample sizes, i.e. different numbers of simulated persons in the birth cohort, are given. In case of small birth cohorts of 100 persons, the DES is as fast as the ERM. However, with increasing sample sizes the DES is quite slower compared to the ERM. For example, to 
Discussion
In this article, we aimed to compare two methods of including the effect of a covariate into the IDM. On the one hand, a discrete event simulation was applied that simulated the relevant event times on the individual subject level. On the other hand, we integrated the effect of the covariates into the transition rates in the IDM. For this an effective rate was calculated that takes into account the distribution of the risk factor in the population (ERM). The ERM is based only on aggregated data in form of mean mortality and incidence rates. These rates are the input data for the (partial) differential equation [22] which describes the temporal and agespecific change in prevalences. For both methods, the potential effect of a covariate is modelled by a shift of the distribution of the covariate which is caused by an intervention. We illustrated both methods using the example of type 2 diabetes mellitus and use the BMI as a very common risk factor for that non-communicable disease. Based on empirical findings, we assumed that the BMI is beta-distributed in the German population. Depending on the BMI value, individual events (contracting diabetes, dying with and without diabetes) were simulated. It becomes obvious that both methods yield similar results. This finding was confirmed in a second scenario where we changed the beta-distribution of the BMI according to a lifestyle intervention. For this work we assumed that BMI remains constant over the whole lifespan for both methods. However, in reality people will change BMI with age. Such time-varying covariates or interaction terms can be easily included in the ERM with regard to Eq (5) if data are available. However, in case of the DES it is more difficult to account for time-varying covariates or interaction terms [24] . Therefore, we decided to keep the simulation as simple as possible aiming to compare the ERM to the DES.
The ERM comes with some advantages. As it is an analytical method only mean rates are needed, i.e., the incidence and mortality rates, to calculate the prevalence at several points in time. The use of such kind of aggregated data is a definite advantage compared to the DES which can be very time consuming. Moreover, the ERM has in some cases, e.g. for non-differential mortality m 0 = m 1 or for given m 0 and m 1 [25] a solution which can be directly determined. Additionally, the ERM does automatically account for competing risks as the used differential equation is based on the IDM. In case of the DES, modelling competing events is quite more difficult and should be based on the algorithm presented in [21] .
Conclusion
Altogether, we have shown that the ERM could be used to model potential changes in covariates. Moreover, it is a time-saving alternative to the DES if we are interested in populationwide epidemiological indices like age-specific prevalences. Therefore, the ERM based on a differential equation is of high interest for future work whenever it is necessary to model the effect of covariates on the change of prevalences.
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